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Hierarchical Laplacian
The data
@ (X, d) - ultra-metric space (locally compact, separable)

@ m - Radon measure on X
@ The choice function C: B(X) — (0, 00) such that

(A(B):= 1, et C(T) < oo.|

The Laplacian
(] PBf = ﬁfB fdm

o LF(X) = ~ g cp C(B)(Pef — F(x)) - pointwise
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Eigenfunctions & Eigenvalues

We define

o fu 1= mily — i for V € B(X)
o H(W) :=span{fy : V' = W}
Properties
(1) Ly = X(V)fv
(2) W' £ W = H(W') L H(W)
(3) DH(W) = L*(X,m)

Conclusion: (L, D) is essentiailly self-adjoint.
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Markov semigroup

e "f(x) = [x h(t,x,y)f(y)dm(y)

Modified distance

1
G XAV
d = )‘(X/\y)
() { 0 otherwise
@ In particular, eigenvalues satisfy A\(B) = m

Spectral function
N(x,7) =
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Heat kernel

h(t,x,y) =t Ol/d*(x’y) e ""N(x,7)dr

Heat kernel bounds
Assume that N is doubling, then

h(t, x,y) = ;-N< ;)

t+d*(X7y) X,t—|—d*(X,y)

-~

Moment estimates E((d*(x, X)) A = x) =

° % when X is perfect and non-compact

° ﬁ min t, t7 when X is discrete

o t (y>1); t(logl+1) (y=1); t7(y < 1) when X is compact
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Examples

p-adic fractional derivative

(DF)NE) = liEllzF (&)

(1) Spec(D*) = {p**: k € Z}

(2) DF(x) = Yp.c C(B) (Pof — F()).
where C(kap) =p*(1—p)

(3) p(t,x,¥) = Grrps e

(4) E(1Xelly - X = 0) < 222
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Vladimirov Laplacian

Df(x) = SO, DYF(x),

where o = (g, a2, ..., aq), x = (x1,%2, ..., Xd) € Qg.

® [Ixllp,a = maxi{|Ix[[5"}

(Daf, f) = ngXQg (f(x) = f(y))Ja(dX7 d}/)

where J, is a singular measure.
o Transient case: A= Y7

L>1

i=1 «;

@ Green function estimates (when oy = ... = ag = 5, % <pB<d)

G(x,y) = x = yllp"
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