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Hierarchical Laplacian

The data

(X , d) - ultra-metric space (locally compact, separable)

m - Radon measure on X

The choice function C : B(X )→ (0,∞) such that

λ(B) :=
∑

T : B⊂T C (T ) <∞.

The Laplacian

PB f := 1
m(B)

∫
B
f dm

Lf (x) := −
∑

B: x∈B C (B)
(
PB f − f (x)

)
- pointwise
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Eigenfunctions & Eigenvalues

We define

fV := 1V

m(V ) −
1V ′

m(V ′) for V ∈ B(X )

H(W ) := span{fV : V ′ = W }

Properties

(1) LfV = λ(V ′)fV

(2) W ′ 6= W ⇒ H(W ′) ⊥ H(W )

(3)
⊕
H(W ) = L2(X ,m)

Conclusion: (L,D) is essentiailly self-adjoint.
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Markov semigroup

e−tLf (x) =
∫
X
h(t, x , y)f (y)dm(y)

Modified distance

d∗(x , y) :=

{ 1
λ(x∧y) x 6= y

0 otherwise

In particular, eigenvalues satisfy λ(B) = 1
diam∗(B)

Spectral function

N(x , τ) =
1

m(B∗1/τ (x))
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Heat kernel

h(t, x , y) = t
∫ 1/d∗(x,y)

0
e−tτN(x , τ)dτ

Heat kernel bounds

Assume that N is doubling, then

h(t, x , y) � t

t + d∗(x , y)
· N
(
x ,

1

t + d∗(x , y)

)
Moment estimates E

((
d∗(x ,Xt)

)γ
:X0 = x

)
�

tγ

1−γ when X is perfect and non-compact

1
1−γ min t, tγ when X is discrete

t (γ > 1); t(log 1
t + 1) (γ = 1); tγ(γ < 1) when X is compact
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Examples

p-adic fractional derivative

(Dαf )∧(ξ) = ‖ξ‖αp f̂ (ξ)

(1) Spec(Dα) = {pαk : k ∈ Z}

(2) Dαf (x) =
∑

B: x∈B C (B)
(
PB f − f (x)

)
,

where C (pkZp) = pαk(1− p−α)

(3) p(t, x , y) � t
(t1/α+‖x−y‖p)1+α

(4) E (‖Xt‖γp : X0 = 0) � tγ/α

α−γ
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Vladimirov Laplacian

Dαf (x) =
∑d

i=1 D
αi
xi f (x),

where α = (α1, α2, . . . , αd), x = (x1, x2, . . . , xd) ∈ Qd
p .

‖x‖p,α := maxi{‖x‖αi
p }

(Dαf , f ) =
∫
Qd

p×Qd
p

(
f (x)− f (y)

)
Jα(dx ,dy)

where Jα is a singular measure.

Transient case: A =
∑d

i=1
1
αi
> 1

Green function estimates (when α1 = . . . = αd = β, d−1
2 < β < d)

G (x , y) � ‖x − y‖1−A
p,α
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